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Abstract
The elliptic-blending, lag parameter approach is developed for the conventional
k − ω, linear eddy viscosity model. A scalar parameter designed to represent the effects
of stress-strain misalignment is used to scale the eddy viscosity. From the definition of
the parameter, an additional transport equation is formed from an underlying Reynolds
stress model. Balance between the near wall and away from wall terms of the new
transport equation is maintained through a blending parameter which is a solution of
an elliptic equation. The new model improves the prediction of separated flows, ranging
from canonical to complex geometries, while maintaining numerical simplicity. Several
two dimensional flow configurations have been tested with the proposed formulation
and the results show improved agreement with existing experimental and DNS/LES
data.
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1 Introduction
Linear, eddy viscosity (LEVM) based, turbulence closure models are essential for numerous
applications of computational fluid dynamics. A vast amount of work has been dedicated to
the development of LEVMs that are both accurate and robust. Especially, great effort has
been directed to two-equation models, for practical applications.
Building on a two-equation framework, additional transport equations have been pro-
posed, to represent phenomenology of turbulence in various flow configurations (Durbin,
2018). An important contribution (Durbin, 1991) based the eddy viscosity on a scalar vari-
able, v2, intended to represent the wall normal fluctuations. The f -equation of the v2 − f
model also introduced the elliptic-relaxation approach. This model provided improved flow
predictions. Subsequent research has been vested into further development of the v2 − f
approach, some of it focused on the numerical aspects (e.g. Rahman & Siikonen, 2009; Lien
& Kalitzin, 2001), others addressed to variants with the above approach, such as the ζ − f
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(Hanjalić et al., 2004) φ− f (Laurence et al., 2004) and k − ε− v2/k (Billard & Laurence,
2012) models. The use of an underlying Reynolds stress transport-like equation, seemed
pivotal for the improvement in predictions in these formulations.
The present paper expands on the proposal by Revell et al. (2011), of a transport equation
to incorporate local stress-strain misalignment. Misalignment refers to the angle between
the eigenvectors of the Reynolds stress and rate of strain tensors. A literal representation
would require a closure model for the Reynolds stress tensor. Revell et al. (2011) developed a
representation of misalignment within the context of a scalar, eddy viscosity. They called it
a lag model. The idea was to avoid the use of a full Reynolds stress model, thereby reducing
the number of equations to be solved, yet introduce the effects of stress-strain misalignment.
This is different from the lag model proposed by Olsen & Coakley (2001), where an additional
PDE was solved for the field variable νt.
The Revell et al. (2011) lag model was extended by Lardeau & Billard (2016), and
called the ‘Lag EB k − ε’ model. The lag function solves a transport equation. That equa-
tion was derived from the Elliptic Blending Reynolds stress model of Manceau & Hanjalić
(2002). Essentially, lag alters the production of turbulence kinetic energy in regions where
the stress-strain misalignment is significant, thereby improving the prediction of turbulence
shear stresses. Despite the motivation of representing disequilibrium between stress and rate
of strain, a very important aspect of the model is its improvement of near-wall behavior
(Revell et al., 2011). In the work by Lardeau & Billard (2016), comparisons were made
between the pure elliptic-blending and the elliptic-blending combined with the lag param-
eter. Improvements were observed for canonical non-equilibrium flows and most of that
improvement was attributed to the lag parameter.
The present paper describes the development of a Lag EB k − ω model. The underlying
two-equation model is the k − ω model of Wilcox (1988). We follow the lag EB k−ε (Lardeau
& Billard, 2016) approach, which will be reviewed in the next section. After describing the
development of the Lag k − ω formulation, various tests will be presented. In those tests,
the lag function is found to improve predictions of separated flow.
2 Model formulation
As documented in the literature (Carpy & Manceau, 2006; Hadẑić et al., 2001), stress-
strain misalignment plays an important role in non-equilibrium turbulent flows. From a
RANS perspective, ignoring misalignment can lead to an over-estimation of the production
of turbulent kinetic energy. The production of turbulent kinetic energy (P ) is
P = −kaijSij, (1)





δij. In a two-dimensional, incompressible
flow, this becomes
P = kβ(λ1 − λ2)cos2θ, (2)
where β is the positive eigenvalue of Sij, λ1 and λ2 are the eigenvalues of aij and θ is the
angle between the eigenvectors of the two tensors. In conventional LEVM’s, θ = 0 and P
2
may be overestimated. This is a motivation for lag models. However, they are not phrased
in terms of θ, per se.





Lardeau & Billard (2016), formulated a transport equation for a modified lag function (ϕ),
which they defined as









With the standard k − ε eddy viscosity, νT = Cµk2/ε, Eqn. 4 gives ϕ = 1. However, in the
lag model ϕ solves a transport equation, and then modifies the eddy-viscosity,














with constants Ct = 4, CT = 1, and S =
√
2SijSij. Consequently, the production
P = νt|S|2 (6)
is also modified by ϕ.
Lardeau & Billard (2016) used an elliptic-blending Reynolds stress model (Manceau &









































The lag equation allows ϕ(x) to capture effects associated with the pressure-velocity corre-
lation, which enhances predictive capabilities.
The ellipticity of the model is created by the function α, which satisfies
α− L2∇2α = 1 (8)










Defining the turbulent time scale as 1/ω instead of k/ε eliminates the requirement for
low Reynolds number corrections, or wall functions. The version of the k − ω model, herein
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referred to as “k − ω-88” (Wilcox, 1988), is chosen as the base model to which the lag
approach is applied. The transport equations for k and ω in k − ω-88 read
Dk
Dt



























Essentially, the underlying LEVM (k-ε or k − ω) determines the η term in Eqn. 4. For






Taking the substantial derivative of Eqn. 12, the following transport equation for the modified



























































term; it is not used to represent the Reynolds stress tensor uiuj, which still uses the Boussi-
nesq approximation. (Linear and non-linear algebraic stress models, in conjunction with the
Lag EB k − ε, were compared by Tunstall et al. (2016).) Hence, Eqn. 14 can be regarded
as part of a pressure strain model. A sensitivity study of the coefficient β2 will be discussed
later in the paper.









The lag parameter (Eqn. 4) is scaled such that it reaches a value of unity in the free-stream.
The wall boundary condition is ϕ∗wall = 0. While most of the coefficients did not require any
recalibration from the values given in Lardeau & Billard (2016), three modifications were
needed
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• The coefficient C∗w, that appears in the near wall term in Eqn. 13, takes a value of
0.05, compared to the value 1.345, used in the k-ε lag model. The near wall limit
k ∼ y3.23 from k − ω models, rather than y2, is the primary reason for this change. The
calibration ensures correct wall shear stresses. A comparison of the friction velocities
predicted by the Lag EB k − ω and DNS data for channel flow is presented in Table 1.
• In Eqn. 11 γ is replaced by
γnew = (1− α3)γ1 + α3γ2. (16)
The blended formulation ensures no spurious production of k beyond the wake region
as is seen in Figure 5 (b).
• Coefficient Cp1 takes a value of 0.4 compared to its k-ε value of 0.56. The term involving
Cp1 is a sink term and this value improves predictions of separated flows (Figure 10).





















respectively. Frame rotation and curvature correction effects are not considered and are
intended to be incorporated in future works.
3 Numerics
All computations have been performed with the open source code OpenFOAM (Jasak et al.,
2007). Gaussian finite volume integration, with second order central differencing, was used
for spatial discretization of the transport equations. A steady state solver, that implements
the SIMPLE scheme, was chosen. Pre-conditioned Bi-conjugate gradient with the simplified,
diagonal-based incomplete-LU pre-conditioner was used to solve the matrix system of mo-
mentum, k, ω & ϕ equations and symmetric Gauss-seidel was used for the α equation. Under
relaxation factors of 0.6 for the momentum, k & ω equations and 0.3 for the α & ϕ equations
were chosen to ensure good convergence. Figure 1 shows the residuals plotted against the
number of iterations for the Lag EB k − ω compared to k − ω-88, for the periodic hill case.
For these computations, with around 40,000 computational nodes, Lag EB k − ω meets the
convergence criteria with a fewer number of iterations; however, owing to the extra transport
equations, the actual computational time is ≈1.6 times more than k − ω-88.


















to improve the results on under resolved grids. However, it is seen in Figure 2 that this



























































Figure 1: Convergence statistics from (a) Lag EB k − ω, (b) k − ω-88 models.
need for low y+ values, the ω boundary condition for the current simulations is, 6ν/βy
2. A
zero gradient condition is applied at the outlet of flows that are not periodic in the streamwise






Figure 2: Grid dependency analysis for channel flow.
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Table 1: uτ/Ub for channel flow from Lag EB k − ω and DNS data (Lee & Moser, 2015).
4 Test Cases
4.1 Channel Flow
A fully developed channel flow is a simple, non-homogeneous turbulent shear flow. Testing
on this configuration provides the most basic validation of the formulation. Four different
friction velocity Reynolds numbers Reτ = 550, 1,000, 2,000 and 5,200 are chosen (Table 1).
The mean velocity profiles, Figure 3, are in good agreement with the DNS data (Lee & Moser,
2015). Predictions in the logarithmic region are improved when compared to k − ω-88 or
k − ω SST. The reason is a better near-wall scaling of the eddy viscosity (Figure 4), provided
by the lag parameter. This trend is also observed in a zero pressure gradient boundary layer
(ZPGBL), as seen in Figure 5(a).
4.2 ZPGBL
Next, the flow over a flat plate in zero pressure gradient is examined. Statistics are computed
at a momentum thickness based Reynolds number of Reθ = 2, 500. The ‘k’ obtained from
k − ω based models is not the actual turbulent kinetic energy; especially near walls, it
behaves quite differently (Durbin & Pettersson Reif, 2010). However it gives a measure of
the boundary layer thickness. From Figure 5(b), it is seen that, although the distribution of
k across the boundary layer obtained from Lag EB k − ω is different from k − ω and k − ω-
SST models, the thickness is consistent, thereby confirming the physicality of the solution.
The k from k − ε is a different variable, as the figure shows.
The skin friction, displayed in Figure 6, goes through a laminar to turbulent transition
(Durbin & Pettersson Reif, 2010), then follows the experimental data, although the predicted




Figure 3: U+ profiles in channel flow (a) Reτ = 550, (b) Reτ = 1,000, (c) Reτ = 2,000, (d)
Reτ = 5,200.
Figure 4: Channel flow (Reτ = 5, 200), comparison of eddy viscosity from different LEVMs
with DNS data (Lee & Moser (2015); semi-logarithmic scale highlights the near-wall region.
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(a) (b)
Figure 5: ZPGFBL computations using three different models. Profiles of (a) U+, (b) k+
at Reθ = 2, 500.
Figure 6: Skin friction coefficient for a ZPGBL from Lag EB k-ω compared to experimental
data.
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4.3 Backward facing step
The Driver & Seegmiller (1985) experiment of flow over a backward facing step is an example
of reattachment of separated turbulent shear layers. The sudden expansion of the channel
causes the flow to separate at the top of the step. This case provides an assessment of the
ability of LEVMs to predict both reattachment location and the subsequent recovery of the
velocity profiles. The inlet momentum thickness Reynolds number Reθ is 5,000 and the step
height Reynolds number ReH is 37,500 with an expansion ratio of 9:8.
As seen in Figure 7(a), all the models predict the reattachment location (where Cf crosses
zero) with reasonable accuracy. Lag EB k − ω predicts a separation bubble that extends to
6.35H, H being the step height. That lies within 2% of the experimental value of 6.26H.
The velocity profiles(Figure 7(b)) recover more slowly than the experiments, a discrepancy
shown by all models. The minimum Cf is under-predicted by all models except the present.
Figure 7(c) shows the shear stress (−u′v′) profiles, most of the models are seen to be successful
in predicting the stresses compared to the experimental values.
4.4 Flow over curved geometry
A channel flow with a periodically repeated, hill shaped geometry on the lower wall (Fröhlich
et al., 2005) is an attractive validation case. The domain of interest is periodic in the
streamwise direction, which avoids errors due to inflow boundary conditions. The hills are
spaced 9 hill heights apart and the Reynolds number based on the hill height is 10,595.
LEVMs such as k − ω 2006 (Wilcox, 2006) or k − ω SST perform poorly for this set up,
under-predicting the turbulent mixing necessary to cause reattachment, hence, failing to
predict the reattachment location. This failure is quite pronounced in the SST model, as is
illustrated in the right panel of Figure 8.
Accurate prediction of separated flows from curved surfaces requires improved near wall
modelling. The elliptic-blending, lag approach attempts to improve the near wall eddy-
viscosity, thereby improving the skin friction prediction, as is seen in Figure 9(a). Lag EB
k − ω shows a recirculation zone size that is approximately 10% larger than the LES data.
The velocity profiles downstream of the separation bubble are noticeably improved relative
to k − ω SST predictions (Figure 9(b)).
Comparison of νt serves as the best measure to assess the performances of RANS models,
but owing to the ambiguity involved in computing eddy viscosity from LES/DNS data for
non-equilibrium flows, shear stress (−u′v′) profiles can be chosen as an alternative. Fig-
ure 9(c) shows the comparison of the shear stress −u′v′ at different streamwise locations for
the periodic hill case. Lag EB k − ω predicts the stresses in best agreement at reattachment,
and immediate downstream of it. Far from the wall, deviations of the stresses returned by
the models from LES have minimal effect on the mean flow.
A mesh sensitivity study for this geometry was carried out on a coarse, 120 × 80 grid
point, mesh (Figure 11(a)) and a fine, 250 × 160, mesh (Figure 11(b)). The skin friction
coefficient is seen to have negligible sensitivity to the grid resolution (Figure 11(c)).
Boundary layer separation over a gently curved surface finds application in various en-
gineering applications such as compressor blades, curved ducts, diffusers, etc. An adverse




Figure 7: Flow over a backward facing step, ReH = 37500. (a) Coefficient of skin friction,
(b) U component of velocity, (c) Shear stress profiles from different LEVMs.
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Figure 8: Periodic Hill geometry, ReH = 10595. Contours of U mean from Lag EB
k − ω(Left), k − ω SST (Right). Recirculation region(dashed lines) predicted by k − ω-SST
is significantly larger than Lag EB k − ω.
In the curved backstep of Bentaleb et al. (2012), the Reynolds number based on the step
height H and the inlet free stream velocity is 13,700. A boundary layer with Reθ = 1, 190
and boundary layer thickness of δ99 = 0.8H is prescribed at the inlet. Pressure-velocity
correlation plays a governing role in such flows. The ϕ∗ equation, being derived from a









ϕ∗kω term). This variation of ϕ∗ alters the eddy viscosity, and proves
to be a crucial element for improving flow predictions for such geometries. Examining the
shear-stress profiles (Figure 13) at streamwise locations of x/H = 1.5 and x/H = 4, it is seen
that in the close proximity of the wall, the profile obtained from Lag EB k − ω is much closer
to the LES data. This improvement in the near wall behavior of u′v′ is reflected in a better
mean flow and quite accurate skin friction prediction (Figure 14). The very large difference
between model and experiment farther from the wall, fortunately, has a small effect on the
mean flow.
The effect of the coefficients β2 and Cp2 on the skin friction coefficient is examined for







value, therefore acting as a sink term. A lower value of β2 leads to lower values of ϕ
∗, thereby
lesser νt; α







Figure 9: Periodic Hill geometry (a) coefficient of skin friction, (b) U component of velocity,
(c) shear stress profiles at different streamwise locations from different LEVMs.
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Figure 10: Periodic Hill geometry, sensitivity of skin friction prediction to Cp1.
(a) (b)
(c)
Figure 11: Periodic Hill geometry, view of (a) Coarse mesh (120x80 grid points), (b) Fine
mesh (250x160 grid points), (c) Skin friction coefficient.
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Figure 12: Flow over a curved backstep, Reθ = 1, 190. Contours of k normalized by the
freestream velocity.
Figure 13: Flow over a curved backstep, profiles of shear stress at (a)x/H = 1.5, (b)x/H =





Figure 14: Flow over a curved backstep, Reθ = 1190. (a)Coefficient of skin friction, (b) U
component of velocity, (c)’k’ profiles from different LEVMs.
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(a) (b)
Figure 15: Flow over a curved backstep, sensitivity of the coefficient of skin friction to (a)
β2, (b) Cp2.
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4.5 NASA wall mounted hump
The motivation for this case is to test the accuracy of turbulence models to predict 2D
flow separation from a smooth body at a high Reynolds number. Rec based on the chord
length and freestream velocity is 936,000 (Greenblatt et al., 2004). The hump creates a
favourable pressure gradient, accelerating the flow on the windward side, followed by a
sudden expansion, resulting in a separation bubble on the leeward side (Figure 16).
Figure 16: NASA wall mounted hump, no flow control case. Rec = 936, 000. Contours of k
normalized by the freestream velocity and streamlines from Lag EB k − ω.
Predictions in the accelerating part of the flow are improved by the lag models (Figure 17
(a)). Lag EB k − ω predicts a recirculation zone ≈ 8% larger, whereas k − ω-SST predictions
are ≈ 14% larger than the experimental results. The improvements are also reflected in the





Figure 17: NASA wall mounted hump, (a)Coefficient of skin friction, (b)Coefficient of static




The elliptic blending lag approach has been modified for the k − ω framework. The for-
mulation maintains the numerical simplicity of eddy viscosity models with clearly defined
boundary conditions, while improving predictions for several benchmark separated flow cases.
Although the model was derived from the definition, Eqn. 4, of a lag parameter, it incorpo-
rated wall proximity via an elliptic blending equation, Eqn. 8. Improvements to predictive
accuracy hinge on both of these elements. Separation depends critically on the profile of
eddy viscosity in the viscous and buffer layers.
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6 Appendix A. Lag EB k − ω equations and coefficients
The differential equations are
Dk
Dt































































α− L2∇2α = 1 (21)
The eddy viscosity is defined as








Durbin & Pettersson Reif (2010) derived the realizability condition αs ≤ 1/
√
3. αs is chosen
here as 0.7/
√
3 ensuring best predictions for the separated flows.
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In these equations, P = νt|S|2, |S| =
√










Other terms are defined by














C1 + C∗1 + 1










β∗ σk γ1 γ2 β σω
0.09 2 0.5 0.6 0.075 2
C∗w C̃1 C
∗




5 σϕ CL Cη C1 C5
0.05 1.6 0.9 0.4 0.46 0.41 3.41 7.27 1 0.164 75 1.7 0.2
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Manceau, R. & Hanjalić, K. 2002 Elliptic blending model: A new near-wall Reynolds-stress
turbulence closure. Physics of Fluids 14 (2), 744–754.
Menter, F., Ferreira, J., Esch, T. & Konno, B. 2003 The sst turbulence model with im-
proved wall treatment for heat transfer predictions in gas turbines. In Proceedings of the Inter-
national Gas Turbine Congress, pp. 2–7.
Olsen, M. & Coakley, T. 2001 The lag model, a turbulence model for non equilibrium flows.
AIAA Paper pp. 2001–2564.
Rahman, M. & Siikonen, T. 2009 An eddy viscosity model with elliptic relaxation approach.
International Journal of Heat and Fluid Flow 30 (2), 319–330.
Revell, A. J., Craft, T. J. & Laurence, D. R. 2011 Turbulence modelling of unsteady
turbulent flows using the stress strain lag model. Flow, Turbulence and Combustion 86 (1),
129–151.
Tunstall, R., Lardeau, S., Laurence, D. & Prosser, R. 2016 An elliptic blending lag model
for flows in thermal-hydraulics systems. ETMM Conference .
Wilcox, D. C. 1988 Reassessment of the scale-determining equation for advanced turbulence
models. AIAA Journal 26 (11), 12991310.
Wilcox, D. C. 2006 Turbulence Modeling for CFD, 3rd edition. DCW Industries, Inc., La.
22
